Using a simple lumped-circuit model, we numerically study the dependence of the voltage gain and noise on the amplifier's parameters. Linear, quasi-linear, and nonlinear regimes are studied. We have shown that the voltage gain of the amplifier cannot exceed a characteristic critical value, which decreases with the increase of the input power. We have also shown that the spectrum of the voltage gain depends significantly on the level of the Johnson noise generated by the SQUID resistors.
I. INTRODUCTION
A microstrip-SQUID (superconducting quantum interference device) amplifier (MSA) has been designed as a low noise radiofrequency amplifier, which is able to operate above 100
MHz [1] . The MSA has been studied theoretically in many publications [1] [2] [3] [4] [5] [6] [7] [8] [9] . However, a consistent theoretical model of MSA has not yet been developed. The circuit diagram of lumped model of MSA is presented in Fig. 1 . This MSA consists of a linear input circuit coupled to the direct current (dc) SQUID via the mutual inductance, M. Note that the isolated dc SQUID is a nonlinear circuit, while the isolated microstrip is a linear circuit. The total system consisting of the SQUID and the input circuit is a nonlinear one. Consequently, it remains no trivial task to predict the performance of the MSA during the design process. Therefore analytical investigation and extensive numerical modeling, simulation, and optimization of the MSA are required before creating the device. Generally, the solutions for the MSA model must be obtained by solving analytically or numerically the system of nonlinear ordinary differential equations written for the SQUID coupled to the input circuit. The dynamics of a bare SQUID was investigated numerically in [10] [11] [12] .
The objective of our paper is to study numerically the dynamics of exact nonlinear equa- We also simulate the output spectral density of voltage Johnson noise, originated in shunting resistors of the SQUID and the resistor, R 1 , in the input circuit, and calculate the noise temperature.
II. INPUT CIRCUIT
Consider the isolated linear input circuit (M = 0). The forward impedance of the input circuit is
In Fig. 2 we plot the amplitude of the current, I i , in the input coil with inductance L, frequencies, and the width of the peak decreases. One can use this latter property to create a narrow-bandwidth amplifier. The frequency corresponding to the maximum is always less than the resonant frequency, f 0 , of the input resonator.
III. EQUATIONS OF MOTION
The differential equations of motion for the SQUID are: [4] 
Here the dot above δ 1 and δ 2 indicates time differentiation; ϕ 0 =h/(2e) is the reduced flux quantum;h is Planck's constant; e is the electron charge; δ 1 and δ 2 are the phase differences in the Josephson junctions in the SQUID; I 0 is the Josephson junction critical current; I n1
and I n2 describe the noise current (Johnson noise) originating in the shunt resistors, R J . The output voltage, V , can be expressed in terms of the Josephson junction phase differences
In order to determine I i in the third equation in (2), we have to add the differential equations for the input circuit. The total system of eight first-order differential equations can be written in the following form:
Here
Q 1 is the charge on the capacitor C 1 ; Q C is the charge on the capacitor C; f is the frequency of the external voltage; and V n = I n R 1 is the noise voltage on the the resistor R 1 ; I n is the noise current through R 1 .
The input circuit is coupled to the SQUID through the term, γ, is proportional to 1/α, the effective coupling can be increased by decreasing α.
IV. VOLTAGE GAIN
First we choose the optimal working point of our amplifier which is defined by the value of ϕ, provided the other parameters are given. In Fig Consider the situation in which α is negative, that is M 2 > LL J . In order to understand the dynamics in this regime, we differentiate the last equation in (3) and use the 4th and 7th equations forQ C andṗ 2 . We obtain an equation for the oscillations of the input current, I i , with an external force and with the eigenfrequency, ω 0 , where
Negative α corresponds to negative real part of the input impedance [13, 14] . This regime can drive the resonator into instability [15] .
When the input voltage amplitude or gain becomes sufficiently large, the nonlinear effects in the SQUID become important. In the nonlinear regime, the nonlinear effects decrease the output voltage of the SQUID, thus decreasing the gain of the amplifier in comparison with the linear regime. It is reasonable to assume that the MSA is in the nonlinear regime when the output voltage becomes comparable with the SQUID's own average output voltage, V 0 .
It is convenient to define the maximum gain Fig. 6(a) we plot G as a function of V i . As follows from the figure, the condition G < G max is also satisfied for all input voltage amplitudes, V i . As the amplitude, V i , of the input signal increases, both G max in Eq. (4) and the gain, G, decrease. This nonlinear effect cannot be obtained from a linearized theory, like that based on an effective impedance of the amplifier [16] . In Fig. 6(b) the amplifier is in the linear regime for C 1 = 2.2 pF and C 1 = 10 pF because the gain is sufficiently small, G ≪ G max .
VI. NOISE
We assume that the Johnson noise voltages across the resistors dominate all other sources of noise in the amplifier. White Gaussian noise in each of three resistors was modeled by a train of rectangular pulses following each other without interruption. The current amplitude, I n , of each pulse is random with zero average and the following variance: Here the brackets indicate an average over different realizations; k B is the Botzmann constant; T is the temperature of the MSA; ∆t is the duration of each pulse, which is constant in our simulations; R is the corresponding resistance: R = R J for the shunting resistors in the SQUID and R = R 1 for the resistor R 1 in the input circuit. In Fig. 7 we plot the output voltage spectral density, S V (f )/S 0 V (where S 0 V = ϕ 0 I 0 R J ), when no input voltage is applied to the input circuit, V i = 0. S V is defined as:
where t i is the time of integration of the output signal and the angular brackets, , indicate an average over different realizations.
One can use the voltage spectral density, S V (f ), to calculate the noise temperature of the amplifier, T 1 , using the following equation:
In Fig. 8 we plot T 1 /T q , as a function of frequency, f , for two different scales, where T q = hf /k B is the quantum temperature. We use the noise spectral density, S V (f ), from Fig. 7 and the gain from Fig. 4(a) . At the minimum, for C 1 = 0.5 pF (red line) the noise temperature is negative.
We now show that this negative noise temperature is related to the method of its calculation. The reason for the negative noise temperatures is in the different methods of calculation of the noise spectral density and the gain of the amplifier. There are three resistors that act as sources of noise: two resistors, R J , in the SQUID and the resistor, R 1 , in the input circuit.
All three resistances contribute to the noise spectral density, S V . The noise current in the SQUID, besides contributing to noise spectral density, changes the SQUID's parameters, including the frequency at which the gain is maximum. At one moment the SQUID is tuned to one frequency and at the next moment it is tuned to another frequency. The noise voltage generated in the resistor, R 1 , is amplified by the detuned SQUID. On the other hand, the signal is amplified by the SQUID tuned to a definite frequency because there are no noise currents in the resistors, R J , of the SQUID. Consequently the amplification of the signal is greater than the amplification of the noise. Besides, the noisy SQUID shifts the frequency at which the amplification is maximum. In Fig. 4(a) the maximum is at f max = 450 MHz, while in Fig. 7 the maximum is at 510 MHz.
By this argument, we calculated the gain (Fig. 9 ) and the noise temperature ( Fig. 10) with noise on the resistors, R J , and with the input signal, V i = 0. The calculated gain in Fig. 9 is qualitatively similar to that measured experimentally in Ref. [17] . If the time of integration is sufficiently long, the contribution of the noise to the gain is minimized, so only the contribution from the amplified signal remains (see Fig. 11 ). In this situation The contribution to the gain from the noise on the SQUID decreases as the integration time, t i , increases. For t i /t 0 ≥ 10 6 the gain is mostly independent of t i which indicates that only contribution from the signal remains. C 1 = 0.5 pF; the other parameters are the same as in Fig. 9 .
SQUID. The gain calculated in the previous sections of this paper is actually the gain at zero temperature.
In summary, we have simulated the dynamics of the microstrip-SQUID amplifier in both the linear and nonlinear regimes and studied the dependence of the voltage gain and noise on the parameters of the amplifier. We have shown that the voltage gain cannot exceed the critical value G max given by the formula (4). This value is inversely proportional to the input voltage. It is shown that the gain decreases as the device temperature increases. Finally, we have shown that the spectrum of the voltage gain depends significantly on the level of the Johnson noise in the SQUID resistors. This effect must be taken into account for correct calculation of the amplifier noise temperature. The next important step should be the optimization of the gain and noise temperature with respect to the amplifier's parameters.
